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In this paper, we ﬁrst study conditions under which a recollement
relative to abelian categories induces a new recollement relative
to abelian categories and comma categories. Then we apply our
results to deduce results about recollements relative to categories
of modules. Furthermore, if a ring R is Morita equivalent to S ,
we obtain that the upper triangular matrix ring
( R M
0 T
)
is Morita
equivalent to
( S N
0 T
)
for an arbitrary ring T , R–T -bimodule M and
S–T -bimodule N depending on M .
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
Recollements of abelian categories play an important role in geometry, representation theory [1,2]
and ring theory, where recollements are known as torsion and torsion-free theories [4]. In [7], the
authors gave a fundamental example of a recollement of abelian categories, which served as the
foundation of the construction of perverse sheaves.
Fossum, Griﬃth and Reiten introduced in [8] the notion of the trivial extension of an abelian
category by an endofunctor. They used techniques from category theory to deduce consequences for
a trivial extension of a ring by a bimodule.
So, in this article, we use techniques from category theory to consider the conditions under which
a recollement of abelian categories induces a new recollement relative to abelian categories and
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of modules.
In Theorem 3.6, we obtain suﬃcient conditions for a recollement of abelian categories to induce a
new recollement relative to abelian categories and comma categories.
Finally, we close the paper with some applications. In Section 4, we apply the main theorem
to get some interesting results about recollements of categories of modules (see Theorem 4.4 and
Corollary 4.6). Moreover, it is known that Morita equivalence of rings can be seen as an example
of a recollement because a Morita equivalence of rings means that there are two mutually inverse
equivalent functors among categories of all the modules over some ring. Based on this result, we prove
that a Morita equivalence of rings between R and S yields a Morita equivalence of upper triangular
matrix rings between
( R M
0 T
)
and
( S N
0 T
)
for an arbitrary ring T , R–T -bimodule M and S–T -bimodule
N depending on M .
All the results obtained in this paper also hold in the context of ﬁnitely generated modules over a
noetherian ring.
2. Preliminaries
Let us ﬁrst recall some deﬁnitions and properties.
Consider functors F : C −→ D and G : D −→ C . If there is a natural equivalence η =
{ηX,Y |ηX,Y :HomD(F X, Y ) −→ HomC (X,GY ), where X ∈ C and Y ∈ D} between the functors
HomD(F (−),−) and HomC (−,G(−)), then we say [6] that F is left adjoint to G , G is right
adjoint to F , and (F ,G) is an adjoint pair, and we write η : F  G . We call η the adjugant
equivalence of (F ,G). For every X ∈ C and Y ∈ D , set εX = ηX,F X (1F X ) : X −→ GF X and δY =
η−1GY ,Y (1GY ) : FGY −→ Y . Obviously, ε = {εX |X ∈ C } : 1C −→ GF and δ = {δY |Y ∈ D} : FG −→ 1D
are natural transformations. We call ε and δ the unit and co-unit of (F ,G) respectively, and obtain
the following property [6]:
Lemma 2.1. Let F be a full embedding functor. If (F ,G) is an adjoint pair, then there exists a functor G ′ such
that (F ,G ′) is an adjoint pair, where G ′ ∼= G and the unit ε′ : 1 −→ G ′F is the identity.
Deﬁnition 2.2. Let A ,B and C be abelian categories.
 
 i∗
i∗
j!
j!
(1) The diagram B A C is called a left recollement,
if the additive functors i∗ , i∗ , j! and j! satisfy the following conditions:
(LR1) (i∗, i∗) and ( j!, j!) are adjoint pairs;
(LR2) j!i∗ = 0;
(LR3) i∗, j! are full embedding functors.



(2) The diagram B A C is called a right recollement,
i!
j∗
j∗
i!
if the additive functors i! , i! , j∗ and j∗ satisfy the following conditions:
(RR1) (i!, i!) and ( j∗, j∗) are adjoint pairs;
(RR2) j∗i! = 0;
(RR3) i!, j∗ are full embedding functors.
Deﬁnition 2.3. (See [9].) Let A , B and C be abelian categories.
AThen the diagram B C is called a recollement,


 

i∗
i∗ = i!
i!
j!
j! = j∗
j∗
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(R1) (i∗, i∗ = i!, i!) and ( j!, j! = j∗, j∗) are adjoint triples, i.e. (i∗, i∗), (i!, i!), ( j!, j!) and ( j∗, j∗) are
adjoint pairs;
(R2) j∗i∗ = 0;
(R3) i∗, j!, j∗ are full embedding functors.
These notations will be used consistently throughout this paper.
By Deﬁnitions 2.2 and 2.3, we observe that a recollement can be seen as the gluing of a left
recollement and a right recollement, and if a left recollement and a right recollement satisfy that
i∗ = i! and j! = j∗ then they can be glued to form a recollement.
Throughout this paper, we assume that the ring under consideration is an associative ring with an
identity element and that all the modules are left modules. We will denote by RMod to the category of
left modules over a ring R , and by RModS to the category of left R right S-bimodules over the rings
R and S . For every R-module homomorphism f ∈ HomR(X, Y ) and every M ∈ RMod, HomR(M, f )
and HomR( f ,M) are denoted by f∗ and f ∗ , respectively.
Deﬁnition 2.4. (See [8].) Let A and B be abelian categories and G :A −→B be an additive functor.
We deﬁne the comma category (B,GA ) as follows:
obj(B,GA ): triple (A, B, f ), where A ∈A , B ∈B and f : B −→ GA ∈ morB;
mor(B,GA ): (α,β) : (A, B, f ) −→ (A′, B ′, f ′), where (α,β) : (A, B) −→ (A′, B ′) is a morphism of
the product category A ×B such that the diagram
B
f
β
B ′
f ′
GA
Gα
GA′
is commutative.
Remark 2.5. (See [8].) If G is left exact, (B,GA ) is an abelian category.
Example 2.6. (See [8].) Let R and S be rings, M ∈ RModS and G be the left-exact functor
G := HomR(M,−) : RMod −→ SMod.
We consider the triangular matrix ring Λ := ( R M
0 S
)
with the obvious addition and multiplication.
So, by [8], it is known that the abelian category ΛMod is equivalent to the comma category
(SMod,G(RMod)).
3. Main theorem and its proof
Before proving the theorem, we need some preparatory results.
Lemma 3.1. Let A , B and D be abelian categories, and consider the additive functors F : A −→ B,
G1 :A −→ D and G2 : B −→ D . If there is a natural transformation ζ : G1 −→ G2F , then F induces an
additive functor F˜ : (D,G1A ) −→ (D,G2B).
Q.-h. Chen, M. Zheng / Journal of Algebra 321 (2009) 2474–2485 2477Proof. Let R := (D,G1A ) and S := (D,G2B). For every (X, V ,ϕ) ∈ R, we deﬁne F˜ ((X, V ,ϕ)) =
(F X, V , ζXϕ). Obviously, F˜ ((X, V ,ϕ)) ∈ obj S . For each ( f , g) ∈ HomR((X, V ,ϕ), (Y ,W ,ψ)) it fol-
lows that G1( f )ϕ = ψ g . Applying the natural transformation ζ : G1 −→ G2F yields the following
commutative diagram:
G1(X)
G1( f )
ζX
G1(Y )
ζY
G2F (X)
G2 F ( f )
G2F (Y )
,
that is, G2F ( f )ζX = ζY G1( f ). Hence G2F ( f )ζXϕ = ζY G1( f )ϕ = ζYψ g , that is, (F ( f ), g) ∈
HomS ( F˜ ((X, V ,ϕ)), F˜ ((Y ,W ,ψ))). Thus F˜ (( f , g)) = (F ( f ), g) is well deﬁned. In addition, it is easy
to check that F˜ (( f , g)( f ′, g′)) = F˜ (( f , g)) F˜ (( f ′, g′)) and F˜ ((1,1)) = (1,1). So F˜ is a functor. Since F
is additive, F˜ is additive. 
Deﬁnition 3.2. Let G1 : A −→ D , G2 : B −→ D , F : A −→ B and H : B −→ A be additive func-
tors. Assume that (F , H) is an adjoint pair, with η being the adjugant equivalence. We say that the
pair (G1,G2) is compatible with the adjoint pair (F , H) if there exist two natural transformations
ζ : G1 −→ G2F
and
ρ : G2 −→ G1H
such that ρY is a monomorphism and G1(ηX,Y ( f )) = ρY G2( f )ζX for every X ∈ A , Y ∈ B and f ∈
HomB(F X, Y ).
Lemma 3.3. Let A , B and D be abelian categories, and consider the additive functors F : A −→ B,
H :B −→ A , G1 : A −→ D and G2 : B −→ D . If (F , H) is an adjoint pair and (G1,G2) is compatible
with the adjoint pair (F , H), then F and H induce additive functors
F˜ : (D,G1A ) −→ (D,G2B) and H˜ : (D,G2B) −→ (D,G1A )
such that ( F˜ , H˜) is an adjoint pair.
Proof. Let R := (D,G1A ) and S := (D,G2B). Since (G1,G2) is compatible with the adjoint pair
(F , H), there are natural transformations ζ : G1 −→ G2F and ρ : G2 −→ G1H such that ρY is a
monomorphism and
G1
(
ηX,Y ( f )
)= ρY G2( f )ζX
for every X ∈ A , Y ∈ B and f ∈ HomB(F X, Y ). Since there exist such natural transformations ζ
and ρ , by Lemma 3.1 F and H induce additive functors F˜ and H˜ , respectively. (F , H) is an adjoint pair,
so there is a natural equivalence η = {ηX,Y |ηX,Y : HomB(F X, Y ) −→ HomA (X, HY ) with X ∈A and
Y ∈B}.
Then for each (X, V ,ϕ) ∈R and (Y ,W ,ψ) ∈S , we can deﬁne the mapping
η˜ : HomS
(
F˜
(
(X, V ,ϕ)
)
, (Y ,W ,ψ)
)−→ HomR
(
(X, V ,ϕ), H˜
(
(Y ,W ,ψ)
))
2478 Q.-h. Chen, M. Zheng / Journal of Algebra 321 (2009) 2474–2485given by η˜(( f , g)) = (ηX,Y ( f ), g). In fact, for every
( f , g) ∈ HomS
(
F˜
(
(X, V ,ϕ)
)
, (Y ,W ,ψ)
)
,
it follows that G2( f )ζXϕ = ψ g, where f ∈ HomB(F X, Y ) and g ∈ HomD(V ,W ). Since G1(ηX,Y ( f )) =
ρY G2( f )ζX ,
G1
(
η( f )
)
ϕ = ρY G2( f )ζXϕ = ρYψ g.
That is, (η( f ), g) ∈ HomR((X, V ,ϕ), H˜((Y ,W ,ψ))). Thus this mapping is well deﬁned.
Next we deﬁne the mapping
τ˜ : HomR
(
(X, V ,ϕ), H˜
(
(Y ,W ,ψ)
))−→ HomS
(
F˜
(
(X, V ,ϕ)
)
, (Y ,W ,ψ)
)
given by τ˜ ((p,q)) = (η−1X,Y (p),q). In fact, for each
(p,q) ∈ HomR
(
(X, V ,ϕ), H˜
(
(Y ,W ,ψ)
))
,
it follows that G1(p)ϕ = ρYψq, where p ∈ HomA (X, HY ) and q ∈ HomD(V ,W ). Since G1(ηX,Y ( f )) =
ρY G2( f )ζX for every X ∈A , Y ∈B and f ∈ HomB(F X, Y ), it follows that G1(p) = ρY G2(η−1(p))ζX .
We thus obtain ρYψq = G1(p)ϕ = ρY G2(η−1(p))ζXϕ . Since ρY is a monomorphism, ψq =
G2(η−1(p))ζXϕ and (η−1(p),q) ∈ HomS ( F˜ ((X, V ,ϕ)), (Y ,W ,ψ)). Hence this mapping is well de-
ﬁned.
Consider each ( f , g)∈ HomS ( F˜ ((X, V ,ϕ)), (Y ,W ,ψ)). We obtain that τ˜ η˜(( f , g)) = τ˜ ((η( f ), g))=
(η−1η( f ), g), that is, τ˜ η˜ = 1. Similarly, η˜τ˜ = 1. Hence η˜ is a bijective mapping.
Applying the natural equivalence η yields the following commutative diagrams: for every ( f , g) ∈
HomR((X, V ,ϕ), (X ′, V ′,ϕ′)),
HomS ( F˜ ((X ′, V ′,ϕ′)), (Y ,W ,ψ))
F˜ (( f ,g))∗
η˜
HomR((X ′, V ′,ϕ′), H˜((Y ,W ,ψ)))
( f ,g)∗
HomS ( F˜ ((X, V ,ϕ)), (Y ,W ,ψ))
η˜
HomR((X, V ,ϕ), H˜((Y ,W ,ψ)))
,
and for every ( f ′, g′) ∈ HomS ((Y ,W ,ψ), (Y ′,W ′,ψ ′)),
HomS ( F˜ ((X, V ,ϕ)), (Y ,W ,ψ))
( f ′,g′)∗
η˜
HomR((X, V ,ϕ), H˜((Y ,W ,ψ)))
H˜(( f ′,g′))∗
HomS ( F˜ ((X, V ,ϕ)), (Y ′,W ′,ψ ′))
η˜
HomR((X, V ,ϕ), H˜((Y ′,W ′,ψ ′)))
.
We conclude that η˜ is a natural equivalence, that is, ( F˜ , H˜) is an adjoint pair. 
Lemma 3.4. Let A , C and D be abelian categories, and consider the additive functors F : A −→ C ,
H : C −→ A and G : A −→ D . If (F , H) is an adjoint pair, then F and H induce additive functors
F˜ : (D,GA ) −→C and H˜ :C −→ (D,GA ) respectively, such that ( F˜ , H˜) is an adjoint pair.
Proof. Let R := (D,GA ). For every (X, V ,ϕ) ∈ R and ( f , g) ∈ HomR((X, V ,ϕ), (X ′, V ′,ϕ′)), we
deﬁne F˜ ((X, V ,ϕ)) = F (X) and F˜ (( f , g)) = F ( f ). Obviously, F˜ :R −→C is an additive functor.
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(H(h),GH(h)) ∈ HomR(H˜(Y ), H˜(Y ′)). It is easy to show that H˜ :C −→R is an additive functor.
We claim that ( F˜ , H˜) is an adjoint pair. In fact, suppose η = {ηX,Y |ηX,Y : HomC (F X, Y ) −→
HomA (X, HY ) with X ∈ A and Y ∈ C } is the adjunction of the adjoint pair (F , H). Then for ev-
ery (X, V ,ϕ) ∈R and Y ∈C , we ﬁrst deﬁne the mapping
η˜ : HomC
(
F˜
(
(X, V ,ϕ)
)
, Y
)−→ HomR
(
(X, V ,ϕ), H˜(Y )
)
given by η˜(h) = (ηX,Y (h),G(ηX,Y (h))ϕ) with h ∈ HomC ( F˜ ((X, V ,ϕ)), Y ). It is easy to check that
this mapping is well deﬁned. Moreover, for every ( f , g) ∈ HomR((X, V ,ϕ), H˜(Y )), it follows that
g = G( f )ϕ . Thus ( f , g) = ( f ,G( f )ϕ) with f ∈ HomA (X, HY ). Hence we deﬁne the mapping
τ˜ : HomR
(
(X, V ,ϕ), H˜(Y )
)−→ HomC
(
F˜
(
(X, V ,ϕ)
)
, Y
)
given by τ˜ (( f , g)) = τ˜ (( f ,G( f )ϕ)) = η−1X,Y ( f ).
For each h ∈ HomC ( F˜ ((X, V ,ϕ)), Y ) and ( f , g) ∈ HomR((X, V ,ϕ), H˜(Y )), we prove that τ˜ η˜(h) =
τ˜ ((ηX,Y (h),G(ηX,Y (h))ϕ)) = η−1X,YηX,Y (h) = h and
η˜τ˜
(
( f , g)
)= η˜(η−1X,Y ( f )
)
= (ηX,Y
(
η−1X,Y ( f )
)
,G
(
ηX,Y
(
η−1X,Y ( f )
))
ϕ
)
= ( f ,G( f )ϕ)= ( f , g),
that is, τ˜ η˜ = 1 and η˜τ˜ = 1.
Finally, we prove that η˜ is a natural transformation. For every (p,q) ∈ HomR((X, V ,ϕ),
(X ′, V ′,ϕ′)), that is, G(p)ϕ = ϕ′q, we get the following commutative diagram
HomC ( F˜ ((X ′, V ′,ϕ′)), Y )
( F˜ ((p,q)))∗
η˜
HomR((X ′, V ′,ϕ′), H˜(Y ))
(p,q)∗
HomC ( F˜ ((X, V ,ϕ)), Y )
η˜
HomR((X, V ,ϕ), H˜(Y ))
.
In fact, consider h ∈ HomC ( F˜ ((X ′, V ′,ϕ′)), Y ). Since η is the adjunction of (F , H), we have
ηX ′,Y (h)p = ηX,Y (hFp). Hence
(p,q)∗η˜(h) = (p,q)∗((ηX ′,Y (h),G
(
ηX ′,Y (h)
)
ϕ′
))= (ηX ′,Y (h)p,G
(
ηX ′,Y (h)
)
ϕ′q
)
= (ηX ′,Y (h)p,G
(
ηX ′,Y (h)
)
G(p)ϕ
)= (ηX,Y (hFp),G
(
ηX,Y (hFp)
)
ϕ
)
= η˜(hFp) = η˜(( F˜ ((p,q)))∗(h)),
thus (p,q)∗η˜ = η˜( F˜ ((p,q)))∗ .
For every k ∈ HomC (Y , Y ′), we get the following commutative diagram:
HomC ( F˜ ((X, V ,ϕ)), Y )
k∗
η˜
HomR((X, V ,ϕ), H˜(Y ))
H˜(k)∗
HomC ( F˜ ((X, V ,ϕ)), Y ′)
η˜
HomR((X, V ,ϕ), H˜(Y ′))
.
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H(k)ηX,Y (l) = ηX,Y ′(kl). Hence
H˜(k)∗η˜(l) = H˜(k)∗
((
ηX,Y (l),G
(
ηX,Y (l)
)
ϕ
))
= H˜(k)(ηX,Y (l),G
(
ηX,Y (l)
)
ϕ
)
= (H(k),GH(k))(ηX,Y (l),G
(
ηX,Y (l)
)
ϕ
)
= (H(k)ηX,Y (l),
(
G
(
H(k)ηX,Y (l)
)
ϕ
)
= (ηX,Y ′(kl),G
(
ηX,Y ′(kl)
)
ϕ
)
= η˜(kl) = η˜k∗(l),
that is, H˜(k)∗η˜ = η˜k∗ .
We conclude that ( F˜ , H˜) is an adjoint pair. 
Lemma 3.5. Let A , C and D be abelian categories, and consider the additive functors F : A −→ C ,
H : C −→ A and G : A −→ D . If (H, F ) is an adjoint pair, then F and H induce additive functors
F˜ : (D,GA ) −→C and H˜ :C −→ (D,GA ) respectively such that (H˜, F˜ ) is an adjoint pair.
Proof. Let R := (D,GA ). For each X ∈ C and h ∈ HomC (X, X ′), we deﬁne H˜(X) = (H(X),0,0)
and H˜(h) = (H(h),0). It is easy to prove that the additive functor H induces an additive functor
H˜ :C −→R. The deﬁnition of the functor F˜ is the same as the one in Lemma 3.4.
Suppose that η = {ηX,Y |ηX,Y : HomA (HX, Y ) −→ HomC (X, F Y ), with X ∈ C and Y ∈ A } is the
adjunction of the adjoint pair (H, F ). Then we intend to prove that (H˜, F˜ ) is an adjoint pair. First, for
every X∈C and (Y ,W ,ψ) ∈R, we deﬁne the mapping
η˜ : HomR
(
H˜(X), (Y ,W ,ψ)
)−→ HomC
(
X, F˜
(
(Y ,W ,ψ)
))
given by η˜(( f ,0)) = ηX,Y ( f ), since all the elements of HomR(H˜(X), (Y ,W ,ψ)) can be written in
the form ( f ,0), where f ∈ HomA (H(X), Y ). Obviously, η˜ is a bijective mapping.
Second, for every k ∈ HomC (X, X ′), we claim that the diagram
HomR(H˜(X ′), (Y ,W ,ψ))
H˜(k)∗
η˜
HomC (X ′, F˜ ((Y ,W ,ψ)))
k∗
HomR(H˜(X), (Y ,W ,ψ))
η˜
HomC (X, F˜ ((Y ,W ,ψ)))
is commutative. In fact, consider each (g,0) ∈ HomR(H˜(X ′), (Y ,W ,ψ)), where g ∈ HomA (H(X ′), Y ).
Since ηX ′,Y (g)k = ηX,Y (gH(k)), we have
k∗η˜
(
(g,0)
)= ηX ′,Y (g)k = ηX,Y
(
gH(k)
)= η˜(H˜(k)∗((g,0))),
so k∗η˜ = η˜(H˜(k)∗).
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gram
HomR(H˜(X), (Y ,W ,ψ))
(p,q)∗
η˜
HomC (X, F˜ ((Y ,W ,ψ)))
F˜ ((p,q))∗
HomR(H˜(X), (Y ′,W ′,ψ ′))
η˜
HomC (X, F˜ ((Y ′,W ′,ψ ′)))
.
In fact, consider any element ( f ,0) ∈ HomR(H˜(X), (Y ,W ,ψ)), where f ∈ HomA (H(X), Y ). Since
F (p)ηX,Y ( f ) = ηX,Y ′(pf ), it follows that
F˜
(
(p,q)
)
∗η˜
(
( f ,0)
)= F (p)η( f )
= ηX,Y ′(pf ) = η˜
(
(pf ,0)
)
= η˜((p,q)∗
(
( f ,0)
))
,
so F˜ ((p,q))∗η˜ = η˜(p,q)∗ .
Thus η˜ is a natural equivalence, so (H˜, F˜ ) is an adjoint pair. 
We are now ready to prove our ﬁrst main result.
Theorem 3.6. Let A , B, C and D be abelian categories, and let G1 : A −→ D and G2 : B −→ D be left
exact additive functors.
(1) If C


i∗
i∗
A B is a left recollement, where


j!
j!
(G2,G1) is compatible with the adjoint pair ( j!, j!), then there is a left recollement
C


i˜∗
i˜∗
(D,G1A ) (D,G2B).


j˜!
j˜!
(2) If C A B is a right recollement, where

 
i!
i!
j∗
j∗
(G1,G2) is compatible with the adjoint pair ( j∗, j∗), then there is a right recollement
C (D,G1A ) (D,G2B).

 
i˜!
i˜!
j˜∗
j˜∗
Proof. We only prove (1) since, by using Lemmas 3.3 and 3.5, the proof of (2) is similar. Let
R := (D,G1A ) and S := (D,G2B). Since (G2,G1) is compatible with the adjoint pair ( j!, j!),
we show that G2(εX ) = ρ j! XζX for any X ∈ B, where ε : 1B −→ j! j! is the unit of the ad-
joint pair ( j!, j!). Then, since j+! is a full embedding functor, by Lemma 2.1 we may assume ε
is the identity, that is, j! j! = 1B . By Lemma 3.3, we obtain an adjoint pair ( j˜!, j˜!). For every
(X, V ,ϕ), (Y ,W ,ψ) ∈S and ( f , g) ∈ HomS ((X, V ,ϕ), (Y ,W ,ψ)), we get that j˜! j˜!((X, V ,ϕ)) =
j˜!(( j!(X), V , ζXϕ)) = ( j! j!(X), V ,ρ j! XζXϕ) = (X, V ,ϕ) and j˜! j˜!(( f , g)) = j˜!(( j!( f ), g)) = ( j! j!( f ), g) =
( f , g), that is, j˜! j˜! = 1S . Obviously, j˜! is a full embedding functor.
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embedding functor, we may assume i∗i∗ = 1C . Then for every X ∈C , X ′ ∈C and f ∈ HomC (X, X ′),
it follows that
i˜∗ i˜∗(X) = i˜∗
(
i∗(X),G1i∗(X),1G1 i∗(X)
)= i∗i∗(X) = X
and
i˜∗ i˜∗( f ) = i˜∗
((
i∗( f ),G1
(
i∗( f )
)))= i∗i∗( f ) = f ,
that is, i˜∗ i˜∗ = 1. Hence i˜∗ is a full embedding functor.
For every X ∈C , since j!i∗ = 0, it follows that
j˜! i˜∗(X) = j˜!
((
i∗(X),G1i∗(X),1G1 i∗(X)
))
= ( j!i∗(X),G1
(
i∗(X)
)
,ρi∗(X)
)
= (0,G1
(
i∗(X)
)
,0
)
.
By the condition that ρi∗(X) : G1(i∗(X)) −→ G2 j!(i∗(X)) = 0 is a monomorphism, it is shown that
G1(i∗(X)) = 0. Thus j˜! i˜∗(X) = 0.
Hence we get the result. 
4. Applications to categories of modules
In this section we apply Theorem 3.6 to deduce some interesting results about recollements of
categories of modules.
Let R , S and T be rings, and F : RMod −→ SMod be an additive functor. For every X, Y ∈ RMod, F
deﬁnes a mapping F X,Y : HomR(X, Y ) −→ HomS (F X, F Y ) by F X,Y (h) = F (h), where h ∈ HomR(X, Y ).
We recall the following well-known result, and include the proof for completeness.
Lemma 4.1. Let R, S and T be rings and F : RMod −→ SMod be an additive functor. Then
(a) F (M) ∈ SModT for any M ∈ RModT ;
(b) FM,N : HomR(M,N) −→ HomS(FM, F N) is a morphism in TMod for any M ∈ RModT and N ∈ RMod.
Proof. Assume that M is a right T -module via the ring homomorphism ρ : T −→ End(RM). Then
F (M) ∈ SModT , and its right T -module structure is given by the ring homomorphism T ρ−→
End(RM)
FM,M−→ End(FM) [3]. Hence, for each N ∈ RMod, t ∈ T , x ∈ FM and f ∈ HomR(M,N), it fol-
lows that
(
t · FM,N ( f )
)
(x) = F ( f )(xt) = F ( f )(F (ρ(t))(x))= F ( f ρ(t))(x)
= F (t · f )(x) = (FM,N (t · f )
)
(x),
that is, FM,N : HomR(M,N) −→ HomS (FM, F N) is a left T -module homomorphism. 
Lemma 4.2. Let R, S and T be rings and F : RMod −→ SMod and G : SMod −→ RMod be additive func-
tors. For each M ∈ RModT , consider the additive functors G1 := HomR(M,−) : RMod −→ TMod and G2 :=
HomS (N,−) : SMod −→ TMod, where N := F (M). If (F ,G) is an adjoint pair and its unit ε : 1 −→ GF
satisﬁes εM = 1M, then the pair (G1,G2) is compatible with (F ,G).
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ζ := FM,− : G1 −→ G2F is a natural map. Likewise, ρ := GN,− : G2 −→ G1G is also natural. Let
η : F  G be the adjugant equivalence. Then, for any X ∈ RMod, Y ∈ SMod, f ∈ HomS (F X, Y ),
α ∈ HomR(M, X) and β ∈ HomS (N, Y ), we obtain the equalities
ηX,Y ( f )α = ηM,Y
(
f F (α)
)
and G(β)ηM,FM(1FM) = ηM,Y (β).
Since εM = 1M , it follows that ρY (β) = G(β) = ηM,Y (β) for any β; in particular, ρY is a monomor-
phism for any Y ∈ SMod. Furthermore, by taking β := f F (α), we have that
ηX,Y ( f )α = G
(
f F (α)
)
for any α ∈ Hom R(M, X).
Hence, it follows that (ηX,Y ( f ))∗ = ρY f∗ζX , which proves that the pair (G1,G2) is compatible with
(F ,G). 
Lemma 4.3. Let R, S and T be rings, and F : RMod −→ SMod and G : SMod −→ RMod be additive func-
tors. For each N ∈ SModT , consider the additive functors G1 := HomR(M,−) : RMod −→ TMod and G2 :=
HomS (N,−) : SMod −→ TMod, where M := G(N). If (F ,G) is an adjoint pair and its co-unit δ : FG −→ 1
satisﬁes that δN = 1N , then the pair (G1,G2) is compatible with (F ,G).
Proof. Since δN = 1N , it follows that FG(N) = N , that is, F (M) = N . Applying δN = η−1G(N),N (1G(N)) =
1N yields the equation 1M = ηG(N),N (1N ) = ηG(N),F G(N)(1F G(N)) = ηM,F (M)(1F (M)) = εM . Then the re-
sult follows from Lemma 4.2. 
Applying Theorem 3.6, we derive the following result about the category of all modules over a
ring.
Theorem 4.4. Let R, S, C and T be rings. For any N ∈ SModT , consider the matrix rings Λ!1 :=
( R j!(N)
0 T
)
,
Λ∗1 :=
( R j∗(N)
0 T
)
and Λ2 :=
( S N
0 T
)
.
(a) If the diagram CMod


i∗
i∗
RMod SMod is a left


j!
j!
recollement, then there is a left recollement
CMod


i˜∗
i˜∗
Λ!1
Mod Λ2Mod.


j˜!
j˜!
(b) If the diagram CMod RMod SMod is a right

 
i!
i!
j∗
j∗
recollement, then there is a right recollement
CMod Λ∗1Mod Λ2Mod.

 
i˜!
i˜!
j˜∗
j˜∗
Proof. We only prove (a), since the proof of (b) is analogous. Set M := j!(N), and consider the addi-
tive functors G2 := HomS(N,−) : SMod −→ TMod and G1 := HomR(M,−) : RMod −→ TMod. Since
j! is a full embedding, by Lemma 2.1, we may assume that the unit ε : 1 −→ j! j! , of the ad-
joint pair ( j!, j!), is the identity. In particular, we have that εN = 1N . Thus, from Lemma 4.2, the
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and ρ := j!(M,−) : G1 −→ G2 j! . Therefore, since j! j!( f ) = f for any f ∈ HomS (N, X), it follows that
ρ j!(X)ζX = 1X , that is, G2(εX ) = ρ j!(X)ζX for any X ∈ SMod. Hence, by Theorem 3.6 and Example 2.3,
we get the result. 
Lemma 4.5. The diagram
 
 i∗
i∗
j!
j!
B A C is a left recollement



iff the diagram C A B is a right recollement.
j!
i∗
i∗
j!
Proof. For every X ∈ C and Y ∈ B, since (i∗, i∗) and ( j!, j!) are adjoint pairs, HomC (X, j!i∗Y ) ∼=
HomA ( j!X, i∗Y ) ∼= HomB(i∗ j!X, Y ). Hence j!i∗ = 0 iff i∗ j! = 0. Then it is easy to show that the
result is true. 
By Theorem 4.4 and Lemma 4.5, we have the following result.
Corollary 4.6. Let R, S, C and T be rings. For any N ∈ SModT , consider the matrix rings Λ!1 :=
( R i!(N)
0 T
)
,
Λ∗1 :=
( R i∗(N)
0 T
)
and Λ2 :=
( S N
0 T
)
.
(a) If the diagram SMod


i∗
i∗
RMod CMod is a left


j!
j!
recollement, then there is a left recollement
Λ2Mod


i˜∗
i˜∗
Λ∗1Mod CMod.


j˜!
j˜!
(b) If the diagram SMod RMod CMod is a right

 
i!
i!
j∗
j∗
recollement, then there is a right recollement
Λ2Mod Λ!1
Mod CMod.

 
i˜!
i˜!
j˜∗
j˜∗
Proof. We only prove (a), since the proof of (b) is analogous. By Lemma 4.5, we get a right recolle-
ment



CMod RMod SMod.
j!
i∗
i∗
j!
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


CMod Λ∗1Mod Λ2Mod.
j˜!
i˜∗
i˜∗
j˜!
Hence, we obtain the result by applying Lemma 4.5 again. 
It is known that a recollement can be seen as the gluing of a left recollement and a right recolle-
ment. Then by Corollary 4.6, we obtain the left and right recollements, respectively. Since i∗ = i! and
j! = j∗ , by deﬁnition, it follows that i˜∗ = i˜!, j˜! = j˜∗ . Hence for any N ∈ SModT , consider the matrix
rings Λ1 :=
( R i∗(N)
0 T
)
and Λ2 :=
( S N
0 T
)
. If the diagram SMod
↼ RMod
↼ CMod is a recollement, then
there is a recollement Λ2Mod
↼ Λ1Mod
↼ CMod.
Corollary 4.7. Let R, S and T be rings, and M ∈ RModT . If R is Morita equivalent to S, then there exists a
bimodule N ∈ SModT making the upper triangular matrix ring
( R M
0 T
)
Morita equivalent to
( S N
0 T
)
.
Proof. Assume there are two mutually inverse equivalent functors F : RMod  SMod : G . Set
N := F (M). Then we obtain a recollement RMod ↼ SMod ↼ 0 where i∗ = i! = G, i∗ = F and j! =
j! = j∗ = 0. Let Λ1 :=
( R M
0 T
)
and Λ2 :=
( S N
0 T
)
. Then by Corollary 4.6, Λ1Mod
↼ Λ2Mod
↼ 0 is a rec-
ollement. Hence we get the result. 
Corollary 4.8. Let k be a ﬁeld, R and S be ﬁnite-dimensional algebras over k, and M be a left R-module. If R
is Morita equivalent to S (i.e. there are two mutually inverse equivalent functors F : RMod SMod : G), then
the one-point extension
( R M
0 k
)
is Morita equivalent to
( S F (M)
0 k
)
.
Remark 4.9. M. Barot and H. Lenzing proved in [5] that derived equivalences of algebras, satisfying
certain conditions, induce derived equivalences of one-point extensions of algebras. Now, by Corol-
lary 4.8, we get that a Morita equivalence of algebras induces a Morita equivalence of one-point
extensions of algebras.
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